
Exam Stochastic Processes 2WB08 – January 29, 2007,
14.00-17.00

The number of points that can be obtained per exercise is mentioned between sqaure
brackets. The maximum number of points is 40. Good luck!!

Problem 1:
A light bulb burns for an amount of time having distribution F (·), with Laplace trans-
form φ(·) of the density, and with mean µ and second moment µ2. When the light bulb
burns out, it is immediately replaced by another light bulb which has the same life time
distribution F (·), etc. Let m(t) be the mean number of replacements of light bulbs upto
time t.
a) [2 pt.] Show that m(t) =

∑∞
n=1 Fn(t), t ≥ 0, with Fn(t) the n-fold convolution of F (t)

with itself.
b) [2 pt.] Show that µ(s) =

∫∞
0

e−stdm(t) equals φ(s)
1−φ(s)

.

c) [2 pt.] Let F (·) be an Erlang-2 distribution, so having density ( 2
µ
)2te−2t/µ, t > 0. Show

that µ(s) = 1
µs
− 1

µs+4
.

d) [2 pt.] Use c) to show that m(t) = t
µ
− 1

4
(1− e−4t/µ), t ≥ 0.

e) [2 pt] Consider the excess or residual life Y (t) of the light bulb burning at time t.
Determine an expression for limt→∞P(Y (t) ≤ x).

Problem 2:
Let (Xn)n≥0 be a sequence of random variables such that E(X2

n) < ∞ and E(Xn+1|X0, . . . , Xn) =
0 for all n ∈ N. Define Sn =

∑n
i=1 Xi to be the partial sum (with S0 = 0) and consider

the sequence

Mn = S2
n −

n−1∑
k=0

E(X2
k+1|X0, . . . , Xk)

a) [2 pt.] Give the definition of a martingale.
b) [3 pt.] Show that (Mn)n≥0 is a martingale.
c) [2 pt.] Give the definition of a stopping time T with respect to a sequence (Sn)n≥0.
d) [3 pt.] Let T1 and T2 be two stopping times with respect to a sequence (Sn)n≥0. Decide
whether the following are stopping times with respect to the same sequence: T1 + T2,
min(T1, T2), max(T1, T2).

Problem 3:
Let (Bt)t≥0 be a standard Brownian motion. Define, for a > 0 and b < 0

T = inf{u ≥ 0 : Bu ∈ {a, b}} .

a) [2 pt.] Show that Bt is a martingale.
b) [3 pt.] By applying the stopping theorem to the martingale (Bt)t≥0 and the stopping
time T show that

P(BT = a) =
−b

a− b
.

Define now

Mt =

∫ t

0

Budu− 1

3
B3

t .
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c) [3 pt.] Show that (Mt)t≥0 is a martingale.
d) [2 pt.] Deduce that the expected area under the path of Bt until it first reaches one of
the levels a or b is

−1

3
ab(a + b) .

Hint: apply once more the stopping theorem, this time to the martingale (Mt)t≥0.

Problem 4:
Consider the G/G/1 queue, with i.i.d. interarrival times Xi and i.i.d. service times Yi,
i = 1, 2, . . . , and EYi < EXi. Let Dn denote the delay (waiting time) of the n-th arriving
customer, n = 1, 2, . . . . Let D1 = 0.
a) [2 pt.] Argue that Dn+1 = max(0, Dn + Yn −Xn+1), n = 1, 2, . . . .
b) [3 pt.] Let Un = Yn −Xn+1 and Sn =

∑n
j=1 Uj, n = 1, 2, . . . . Show that

P(Dn+1 ≥ c) = P(max(0, S1, S2, . . . , Sn) ≥ c).
c) [5 pt.] Use Spitzer’s identity, viz., E[max(0, S1, S2, . . . , Sn)] =

∑n
k=1

1
k
E[max(0, Sk)], to

show the following if the Xi are exponentially distributed with mean 1/λ and the Yi are
exponentially distributed with mean 1/ν:
EDn+1 =

∑n
k=1

1
k

∑k−1
i=0

k−i
ν

(
k+i−1

i

)
( λ

λ+ν
)k( ν

λ+ν
)i.

Hint: use either the approach of the book, or the one from class.
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