
Dr. Cristian Giardinà
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Brownian Motion II

• Problems 8.7, 8.8, 8.9, 8.10, 8.11, 8.12 from the book.

• Problem 1: Let (Bt)t≥0 be a Brownian motion (starting at 0). Let a, b be real numbers
with a < 0 and b > 0. For any real number x, denote by τx the first time the Brownian
motion hits x:

τx := inf{t ≥ 0 : Bt = x}.
Show that

P (τa < τb) =
b

b− a
.

Hint: Use the following stopping theorem for continuous martingales: Let (Mt)t≥0 be a
martingale such that t 7→ Mt is continuous. Let T be a stopping time with P (T < ∞) = 1.
Assume there is a constant C such that |MT∧t| ≤ C holds for all times t ≥ 0. (Of course,
C is assumed to be independent of t.) Then, E[MT ] = E[M0] holds.

• Problem 2: We use the same notation as in Problem 1. Denote by T the first time, the
Brownian motion exits the interval (a, b):

T := inf{t ≥ 0 : Bt 6∈ (a, b)}.

Show that E[T ] = −ab.

• Problem 3: We use the same notation as in Problems 1 and 2. Prove that τa, a ≥ 0, has
stationary independent increments. In other words:

– if a < b, then τb − τa has the same distribution as τb−a.
– if a0 = 0 < a1 < · · · < an, then τai+1 − τai , 0 ≤ i ≤ n− 1, are independent.

Hint: Use the strong Markov property of Brownian motion: If T is a stopping time, then
(BT+t −BT )t≥0 is a Brownian motion, independent of (Bt)t≤T .

• Problem 4: In the following, (Bt)t≥0 is a Brownian motion.

(a) For t ≥ 0, set Xt = |Bt|. The process (Xt)t≥0 is called a Brownian motion reflected
at the origin. Show that

E[Xt] =
√

2t/π, Var(Xt) =
(

1− 2
π

)
t.

(b) For t ≥ 0, set Yt = eBt . The process (Yt)t≥0 is called a geometric Brownian motion.
Show that

E[Yt] = et/2, Var(Yt) = e2t − et.

(a) For t ≥ 0, set Zt =
∫ t
0 Bs ds. The process (Zt)t≥0 is called an integrated Brownian

motion. Show that for s ≤ t,

E[Zt] = 0, Cov(Zs, Zt) = s2

(
t

2
− s

6

)
.
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